We describe a holographic approach to QCD where conformal symmetry is broken explicitly in the UV by a relevant operator O. The operator maps to a 5d scalar field, the dilaton, with a massive term. Implementing also the IR constraint found by Gursoy, Kiritsis and Nitti, an approximate linear glueball spectrum is obtained which is consistent with lattice data. Finally, we describe the evolution of the model parameters with the conformal dimension of O. This suggests a map between the QCD trace anomaly and the trace Ward identity of deformed conformal field theories.
I. INTRODUCTION
In this proceedings, we describe the holographic model proposed in [1] , where large-N c QCD is approximated by an effective theory arising from a CFT deformation. We start in section I with an introduction to the holographic QCD approach. In section II we describe the main results of our model and we finish with our conclusions.
A. Traditional non-perturbative approaches to QCD
QCD is the theory of strong interactions. The QCD lagrangian enjoys a non-Abelian gauge symmetry SU (N c ) with N c = 3 is the number of colors. The fundamental degrees of freedom in QCD are the quarks and gluons. The quarks are described by Dirac spinors ψ f in the fundamental representation of SU (N c ) whereas the gluons are described by a non-Abelian gauge field A µ in the adjoint representation of SU (N c ). Despite the simplicity of the QCD lagrangian, QCD is a remarkably difficult theory in the regime of hadronic interactions. The reason is that at the quantum level the coupling g increases when lowering the energy scale µ. This is described by the beta function β g = µ∂ µ g which turns out to be negative for QCD. In the regime of typical hadronic interactions the coupling g is so strong that perturbative methods are not reliable.
The traditional non-perturbative approaches to QCD are lattice QCD and the Dyson-Schwinger (DS) equations. Lattice QCD deals with a discretized version of the QCD lagrangian that permits numerical simulations. It is an efficient approach for calculating the hadronic spectrum and thermodynamic properties of the quarkgluon plasma. The limitation of this approach regards real-time dynamics, due to the restriction to an Euclidean space. The DS equations consists of a set of equations for quantum field theory correlators. In QCD, those equations can establish a bridge between the quark/gluon description and the hadronic dynamics. The difficulty in this approach regards the truncation of Feynman diagrams. Other non-perturbative approaches to QCD include chiral lagrangians, Nambu-Jona-Lasinio models, quark-meson models, QCD sum rules and renormalization group (RG) approaches. Finally, an alternative approach, proposed by 't Hooft in 1974, consists of taking the limit of large N c so that 1/N c becomes a perturbative parameter. In this limit, only Feynman diagrams with planar topology survive. The obvious limitation of this approach is the fact that in QCD we have N c = 3, which is not large. This means that non-planar diagrams are generally required. An interesting feature of the 1/N c expansion is that the Feynman diagrams are classified in terms of Riemann surfaces with different genus. The latter appear naturally in string theory.
B. AdS/CFT and holographic QCD
The pure glue sector of the QCD lagrangian is known as the Yang-Mills theory. Interestingly, at the classical level the Yang-Mills theory is invariant under the conformal group SO(2, 4), which is an extension of the Poincaré group SO(1, 3). Besides the ordinary Poincaré transformations (translations, rotations and boosts), the conformal group also includes the dilation (scale transformation) and special conformal transformations (inversiontranslations-inversion).
Remarkably, there is a supersymmetric extension of the Yang-Mills theory that preserves conformal symmetry at the quantum level. This is the so called N = 4 super Yang-Mills (SYM) theory and it is constrained by conformal symmetry in a dramatic fashion. In particular, the beta function of the theory is zero. The N = 4 SYM theory is one of the paramount examples of conforarXiv:1804.01579v2 [hep-th] 4 May 2018 mal field theories (CFT). At weak coupling, the theory also arises from string theory when considering a set of 4d hypersurfaces called D3-branes. In 1997, Maldacena realized that N = 4 SYM theory in R 1,3 actually has a string theory dual (known as type IIB) that lives in a 10d spacetime, namely AdS 5 × S 5 . This is an example of the so called AdS/CFT correspondence, a correspondence between theories with gravity in anti-de Sitter space (AdS) and conformal field theories (CFT) without gravity in a lower dimension. The AdS/CFT correspondence is considered a realization of the holographic principle for a quantum theory of gravity.
The AdS/CFT correspondence motivated a research program known as holographic QCD, or AdS/QCD. The long term goal of holographic QCD is to find the 5d string theory (or quantum gravity) dual of QCD. There are two complementary approaches in holographic QCD, dubbed top-down and bottom-up. The top-down approach considers deformations of the original brane setup that led to the AdS/CFT correspondence. At weak coupling, one finds quantum field theories where conformal symmetry (and some supersymmetry) is broken. At strong coupling, one finds string theories in backgrounds that are less symmetric than the original AdS 5 ×S 5 . Investigating those string theories one is able to make predictions for the strongly coupled regime of the dual QCD-like theories. The top-down logic is depicted in Fig. 1 . The bottom-up approach, on the other hand, does not rely on string theory. In its original version, the bottomup approach was considered purely phenomenological in the sense that the goal was to incorporate QCD features by introducing a minimal set of fields in AdS 5 . However, the modern bottom-up perspective is the construction of holographic models for the RG flow of deformed CFTs that are similar to QCD. Extending the traditional AdS/CFT dictionary between operators and fields one is able to map 4d deformed CFTs to 5d theories with gravity living in a deformed AdS background. The bottom-up logic is depicted in Fig. 2 . For more details on the topdown and bottom-up approaches in holographic QCD, there are some nice reviews available [2] [3] [4] [5] [6] [7] . A well known feature of (massless) QCD is the so called trace anomaly, associated with conformal symmetry breaking. In the large-N c limit, the trace anomaly equation can be written as
where λ = g 2 N c is the 't Hooft coupling, T µ µ is the trace of the energy-momentum tensor and TrF 2 is the YangMills operator associated with the gluon condensate 1 . Eq. (1.1) is exact at all loops and the two sides are RG invariant.
Motivated by the QCD trace anomaly, in the bottomup approach one could start building a minimal holographic model for the QCD vacuum. The minimal model contains only the 5d fields dual to the 4d operators associated with the QCD vacuum, namely the energymomentum tensor T µν and Yang-Mills operator TrF 2 . The dual fields are the 5d metric g mn and the 5d scalar field Φ. The latter is usually called the dilaton, a field that arises naturally in string theory. This field is the responsible for the deformation of AdS spacetime.
The simplest action for describing the dynamics of g mn and Φ is a 5d dilaton-gravity action which can be written as
where M p is the 5d Planck mass scale. Varying this action we obtain the dilaton-gravity equations
In holographic QCD we take a general Poincaré-invariant ansatz
The dilaton-gravity equations then reduce to In this way we easily recover the AdS spacetime ζ 0 (z) = z/ when Φ is constant. A remarkable feature about the 2 nd order differential equations (1.5) is the fact that they can be brought into the following set of 1 st order differential equations
The functional W [Φ] is known as the superpotential and has a key role in the holographic description of the RG flow. Another important quantity is the "holographic beta function", defined as
The improved holographic QCD models (IHQCD), proposed by Gursoy, Kiritsis and Nitti in [8, 9] (see also [5, 7] ), relate the 't Hooft coupling λ to the dilaton field Φ by λ = e Φ . Moreover, they consider also the traditional IR/UV correspondence A(z) = log µ between the warp factor A(z) and the RG energy scale µ, so that the function in (1.8) becomes
This leads to a UV constraint (small z) for the background fields A(z) and Φ(z). They should be compatible with the large-N c beta function of perturbative QCD. At two loops it is given by
where b 0 and b 1 are constants. The corresponding UV potential can be written as
with v 0 and v 1 determined from b 0 and b 1 . A nice feature of holographic QCD is that the IR is naturally constrained by confinement and the hadronic spectrum. For the case at hand, it was found in [8, 9] that the only IR behaviour for the dilaton, compatible with confinement and an asymptotic linear glueball spectrum, is
The corresponding IR potential takes the form
In the IHQCD approach of [8, 9] , the RG flow of the 4d theory starts already in the extreme UV (µ → ∞) where the theory is conformal and free. The 4d theory then is interpreted as the closest description of large-N c QCD in the sense that it is compatible with asymptotic freedom in the UV and confinement in the IR. In the next section we describe an alternative approach where QCD is approximated by an effective theory instead. The effective theory has a UV cutoff µ * and we call this approach effective holographic QCD (EHQCD). It was originally proposed in [10, 11] to describe the physics of the quarkgluon plasma. In [1] , we combine some features of [8, 9] and [10, 11] in order to arrive at a realistic description of the glueball spectrum. The results in [1] also bring new insights into the holographic dictionary for this class of models.
II. THE EFFECTIVE HOLOGRAPHIC APPROACH TO QCD
As explained in the previous section, conformal symmetry breaking in (massless) QCD is associated with the trace anomaly (1.1). This is a quantum effect due to the renormalization of the theory. An alternative mechanism for conformal symmetry breaking is the following. Consider the deformation of a 4d CFT by a relevant scalar operator O with conformal dimension ∆ = 4 − . The lagrangian can be written as
where φ 0 is the coupling associated with the deformation. The conformal dimension of φ 0 is 4 − ∆ = . The deformed CFT in (2.1) satisfies the trace Ward identity
The similarity between (1.1) and (2.2) suggests that there might be a way of reformulating QCD in terms of a deformed CFT. In the perturbative regime of QCD, this means that after renormalization at one or two loops the effective action for QCD could be recast as a relevant deformation of a CFT. If that was the case the map between these two theories would look schematically like Fig. 3 . One possible strategy to finding this map is considering QCD in d = 4 − so that the Yang-Mills operator TrF 2 becomes relevant. Interestingly, there has been recent progress establishing connections between quantum field theories in d = 4 − at the Wilson-Fisher fixed point and CFTs, see e.g. [12] .
A. The 5d background
According to the AdS/CFT correspondence, a scalar operator O with conformal dimension ∆ corresponds to a 5d scalar field Φ with a squared mass M 2 = −2 ∆(∆−4). In holographic QCD we then impose the following UV behaviour for the potential
Plugging this potential in Eqs. (1.5) one finds that the constant term leads to AdS asymptotics and the mass term leads to the dilaton asymptotics 
The UV behaviour for the holographic beta function (1.8) is given by
There is an important difference between the EHQCD and IHQCD models regarding the function in (2.6). Although this function is associated with the RG flow of the dual theory, it is not proportional to the large-N c QCD beta function β λ , as in (1.9). In the EHQCD approach the dual theory is an effective theory for QCD with beta functionβλ. We will find later a dictionary for the original β λ from considerations of the trace anomaly (1.1).
Although the UV behaviour of the EHQCD models and IHQCD models is different, both provide a good description of confinement and the glueball spectrum as long as the IR behaviour is the same. In [1] we proposed models that interpolate between the UV behaviour (2.3)-(2.4) and the IR behaviour (1.12)-(1.13). The simplest models are obtained by considering an analytic form for the dilaton and solving the warp factor numerically. Alternatively, one can also start with an analytic form for the warp factor and find a numerical solution for the dilaton. We call these two type of models A and B respectively. One simple interpolation for the dilaton is the following: Another simple interpolation can be built in terms of the hyperbolic tangent function,
We call this model A2. Again, the warp factor is solved numerically. The numerical solution for the warp factor in models A1 and A2 is shown in Fig. 4 In the next subsection we will explain how those parameters were fixed.
B. The glueball spectrum
The dilaton-gravity equations (1.3) are linearised by taking Φ → Φ + χ , g mn → e 2A(z) [η mn + h mn ] and expanding at 1 st order in χ and h mn . The equations for these fields take the form
where R
mn and (∇ 2 Φ) (1) are the 1 st order expansions of the Ricci tensor and scalar Laplacian respectively.
The metric perturbation h mn can be decomposed as (h zz , h zµ , h µν ). The fields h zz ≡ 2φ, h zµ ≡ A µ and h µν transform as a scalar, a 4-vector and a symmetric tensor under the 4d Lorentz group respectively. Moreover, A µ and h µν can be further decomposed into Lorentz irreducible representations, i.e. µν is a traceless and divergenceless tensor and W, E, ψ are Lorentz-scalars. As described in [13] , see also [1] , one finds from (2.10) one tensorial equation, two vectorial equations and five scalar equations. From those equations, only the following two are independent:
12) where the scalar field ξ is defined by ξ = ψ − χ/β Φ . The fields h T T µν and ξ describe the dynamics of the spin 2 and spin 0 glueballs respectively. The equations (2.12) and (2.13) can be brought into a Schrödinger form: 14) with effective potentials 15) given in terms of the functions
The Schrödinger potentials for the tensor and scalar sector are shown in Fig. 5 as functions of the dimensionless coordinate u = Λz. The spin 2 and spin 0 glueball states arise then as bound states of potential wells, obtained by solving the Schrödinger equations (2.14). The corresponding eigenvalues are the squared masses of the spin 2 and spin 0 glueballs. We use data from lattice QCD for the first two scalar glueball masses, m 0 ++ and m 0 ++ * , as an input to fixφ 0 and Λ. For instance, when = 0.01 we find for the model A1 (A2)φ 0 = 53.79 (49.41) and Λ = 736 MeV (682 MeV). The model then predicts the masses for the other glueball states. In Table I we compare our results for = 0.01 against the results obtained in IHQCD [9] and lattice QCD [14] .
C. From deformed CFTs to QCD
The models A1 and A2, corresponding to the interpolations (2.7) and (2.9), only depend on the parameters ,φ 0 and Λ. As described above, for each value of we use the masses of the first glueball states 0 ++ and 0 ++ * to fix the values ofφ 0 and Λ. In Fig. 6 we plotφ 0 and 2 ). In [1] we propose the following map
One advantage of the EHQCD models, is that the UV asymptotics (an AdS deformation caused by a massive dilaton) belongs to the framework of holographic deformed CFTs, previously studied in the context or holographic renormalization [15] [16] [17] . In particular, the calculation of T µν and O is straightforward and we can reproduce the trace Ward identity (2.2). The component T 00 is interpreted as the QCD vacuum energy. On the other hand, using the map (2.17) proposed here we can extract TrF 2 from O . The result is The first relation in (2.19) is consistent with our numerical results forφ 0 . Moreover, inverting the first plot in Fig. 6 we obtain as a function ofφ 0 and use the second relation in (2.19) to extract the corresponding beta function β λ . Remarkably, at small λ the best fit of the numerical results take the form (1.10), which is the same for the two-loop beta function of perturbative QCD in the large-N c limit.
III. CONCLUSIONS
We have described the EHQCD model proposed in [1] , where QCD is approximated in the UV by a CFT deformed by a relevant operator of conformal dimension 4 − . Implementing the IR constraint found in [8, 9] we arrive at a glueball spectrum consistent with lattice QCD data. Analysing the evolution of the model parameters with we concluded that the CFT deformation could be identified with the Yang-Mills lagrangian. We proposed a map that allowed us to rewrite the trace Ward identity of deformed CFTs in terms of the QCD trace anomaly. The map also led to the relation = −β λ /λ that implies that the beta function of large-N c perturbative QCD could emerge from holography.
There are some challenges that remain in the EHQCD approach. It would be desirable to find a map between the IHQCD models and the EHQCD models. That map would transform the metric near a geometric cutoff into an AdS metric. The holographic description of the Callan-Symanzik equations, following [18] , would also provide a better understanding of the EHQCD approach. Finally, extensions of this work include the description of mesons and chiral symmetry breaking, the deconfinement transition, glueball melting (following [19] ), higher spin glueballs and the pomeron (following the recent progress in [20] ).
